We study a queueing model of customer service chat (CSC) systems. A unique feature of these queueing systems is that a single agent can serve multiple customers simultaneously. We prove the convergence of the queueing process to di↵erent di↵usion processes in a many server heavy-tra c regime in three di↵erent cases. Using this result, we are able o↵er approximations for the steady state performance measures such as the number of customers in the system, the abandonment probability and the sojourn time of a customer. Our numerical experiments show that proposed approximations are accurate in various cases.
1. Introduction Contact centers are an integral part of all organizations since they provide a way for organizations to interact with their customers or clients. Traditionally, phone service has been the most common method of communication, but with the growth of Internet usage, customer service chat (CSC) systems have become an important tool as well. Rather than calling in to the call center, in a CSC system customers are able to access an instant messaging system built into the organization's website to interact with customer service representatives online. From an operational point of view, the main di↵erence between CSC systems and call centers is that while a traditional call center agent can only serve a single customer at once, a CSC agent can serve multiple customers simultaneously. CSC systems also have unique features such as screen sharing and the ability to share files and data, which are particularly useful to computer companies, software companies, and e-retailers. There are also some disadvantages to CSC systems, including a longer service time due to extra typing and reading time, an inability to access the service while traveling, and frustration caused by technological barriers Shae et al. [21] . However, with the prevalence of proficient computer users, CSC systems remain an important communication channel between the organization and customers TELUS International [22] .
From a management perspective, there are two important decisions that are imperative for the e↵ective manage these systems (which are also common to most service systems): (i) Sta ng problem: find the sta ng level required in the CSC system to meet a certain service level requirement, (ii) Routing problem: manage the CSC system in real time by deciding which available agent an arriving customer should be routed to. Clearly these problems are closely related. The analysis of chat-service systems is di↵erent from that of the traditional many-server queueing systems (see Dai and He [6] , Gans et al. [10] , Halfin and Whitt [12] ) due to the fact that agents can serve multiple customers at a time (we refer to the number of customers an agent is serving as the level of an agent). In Tezcan and Zhang [24] and [25] e↵ective solutions for the routing problem have been identified using a fluid limit approach. They also o↵er solutions for the sta ng problem and approximations for the system performance.
Our goal in this paper is to use the more refined di↵usion limits (see Dai and He [6] , Gans et al. [10] , or Halfin and Whitt [12] for details) rather than the fluid limits that are employed in Tezcan and Zhang [24] and [25] to obtain improved approximations for the system performance. These approximations can be used to address the sta ng problem mentioned above more e↵ectively. We show that especially for cases when the arrival rate is close to a critical value (more specifically when it is close to the total service rate when all the agents are at the same level) di↵usion limits provide more accurate approximations than fluid limits. In addition, the di↵usion limits enable us to build approximations for the whole distribution of the number of customers in system whereas with fluid limits only approximations for the average number of customers in system can be obtained.
We model a CSC system as a processor sharing queue where each agent can serve up to K customers. A customer is served by the same agent throughout service and the service rate of a customer depends on the level of the agent serving that customer. We also assume that customers have limited patience and they may abandon the system from the queue or service. To establish the di↵usion limits of the underlying queueing system we consider a many-server heavy tra c regime. Specifically we consider a sequence of systems where the arrival rate into the system gets large, and the sta ng level for each system in the sequence is such that the relationship between the arrival rate and sta ng level satisfies a condition that is similar to the so-called square root sta ng rule (see Dai and He [6] , Gans et al. [10] , Halfin and Whitt [12] ). We mainly consider the "lightest-load-first" policy which routes an arriving customer to the least busy agent, see Luo and Zhang [15] . The asymptotic optimality of this policy under certain conditions is proved in Tezcan and Zhang [24] . Furthermore we assume that the service time distribution is exponential. Under these assumptions, we show that the processes for the number of customers in di↵erent levels in the system converge to three di↵erent di↵usion processes in three di↵erent cases that arise based on di↵erent assumptions about the limiting behavior of the arrival rate and the number of agents.
To obtain approximations for the distribution of the number of customers in the system and the sojourn time of an actual CSC system, we first establish the steady state quantities of the di↵usion limits obtained, either exactly or using approximations. Then we build approximations for the number of customers and the abandonment probability in the actual system. Next we build approximations for the the distribution of the sojourn time in steady state. Results based on Puhalskii [18] have been used in the literature to estimate the sojourn time distribution from the queue length distribution, based on a generalized Little's Law, see for example Garnett et al. [11] , Puhalskii and Reiman [19] , Tezcan [23] . However, beyond the mean sojourn time, it does not seem that such an approach would work in our case. Therefore, we supply two heuristic approximations for the sojourn time distribution. The first one is based on a simplified Markov chain whose transition rates are estimated using the approximations built for the number of customers in di↵erent levels and the second one is based on a simplified routing scheme.
Our proofs are based on a novel representation of the queueing equations for the CSC systems. Three di↵erent parameter regimes lead to three di↵erent limiting processes based on state space collapse (SSC) results (see Bramson [3] , Dai and Tezcan [8] ). Once we establish the associated SSC result, we prove that the system equations can be written as a continuous map of certain primitive processes. We conclude the proof of convergence to a di↵usion limit by establishing the convergence of these primitive processes.
We illustrate the quality of our approximations in extensive numerical experiments for systems with number of agents ranging from 25 to 100. It is not clear which of the three aforementioned cases is more applicable to a given CSC system. We test which approximation is more accurate in estimating the system performance for the expected number of customers in system and its variance in steady state under di↵erent scenarios. For the sojourn time, we test the two proposed methods in similar systems. We observe that both proposed procedures for estimating the sojourn time are quite accurate and make observations about how the system parameters a↵ect the accuracy of these approximations. In general, even for systems with 25 agents, our approximations for the expected number of customers and the sojourn time in system as well as the abandonment probability are within 2% of the simulation estimates in most cases. As the system size gets large our approximations are much more accurate with errors less than 0.5%. Our approximations for the variance of the number of customers and sojourn time are within 5-6% of the simulation estimates on average for small systems and within 2-3% for systems with 100 agents.
The rest of this paper is organized as follows: In §2, we introduce a model of the CSC system under the "lightest-load-first" routing policy. In §3, we analyze this CSC system using fluid limits. Next, we analyze the same CSC system using di↵usion limits. We split our analysis into three di↵erent cases which depend on how the arrival rate compares to the total service rate. These three cases are analyzed in §4, §5, and §6. In §7, we use the di↵usion limits derived in §4, §5, and §6 to develop approximations for the number of customers in the system and abandonment probability and we provide two methods for estimating the distribution of the sojourn time. We present the results of our numerical experiments in §8 and conclude in §9. Appendix C extends our results to the more sophisticated routing policies proposed in Tezcan and Zhang [24] , but in that case we are unable to find closed-form expressions for the steady state of the limiting di↵usion process.
Notation All random variables and processes are defined on a common probability space (⌦, F, P) unless otherwise specified. The symbols Z, Z + , N, R and R + are used to denote the sets of integers, nonnegative integers, positive integers, real numbers and nonnegative real numbers, respectively. 
t ) denotes its left limit at t > 0. For a sequence of random elements {X n , n 2 N} taking values in a metric space, we write X n ) X to denote the convergence of X n to X in distribution or weak convergence. Each stochastic process whose sample paths are in D d is considered to be a D d -valued random element. The space D d is assumed to be endowed with the Skorohod J 1 -topology (see Ethier and Kurtz [9] or Billingsley [2] ). Given x 2 R, we set x + = max{x, 0} and x = min{x, 0}.
Literature Review
In this section, we review three separate streams of literature that are related to CSC system queueing models.
Processor sharing queues: A stream of literature that is closely related to the CSC systems that we study are processor-sharing systems, which are common in communications literature to model the flow of data tra c. Similar to CSC systems, processor-sharing systems also have the feature that a single server can handle many di↵erent jobs at once. The di↵erence is that all the servers in the processor-sharing system work jointly to finish every arriving job; in a CSC system each arriving customer's service is handled by a single server. For more details, the reader is referred to Altman et al. [1] , Kleinrock [14] , Zhang et al. [27] , and the references contained therein.
Di↵usion approximations: The methodology in this paper involves many-server di↵usion approximations. There is a rich literature on many-server di↵usion approximations of queueing systems, beginning with the seminal paper by Halfin and Whitt [12] , which reduces the analysis of a M/M/N queueing process to that of a simple di↵usion process. Many subsequent papers have been devoted to extending Halfin and Whitt's di↵usion analysis. We give several examples: Puhalskii and Reiman [19] extend this analysis by considering phase-type service distributions. Garnett et al. [11] give a di↵usion approximation for a M/M/N queueing process with customer abandonments. Finally, Whitt [26] studies the di↵usion limit of a queueing system with limited capacity, in the special case where the service time is a mixture between an exponential distribution and a point mass at 0. For more details, the reader is referred to Dai and He [6] and Gans et al. [10] . To the best of our knowledge this is the first paper that addresses the di↵usion limits for CSC systems.
CSC systems: The CSC system queueing model was formulated in Tezcan and Zhang [24] . In this study, fluid limits are established to approximate the behavior of the queueing system. Using these fluid limits, Tezcan formulates a LP to determine the sta ng level required in the CSC system, and also designs a routing algorithm that is shown to be optimal in the steady state of the CSC system. In a parallel study, Luo and Zhang [15] also examine the sta ng problem of the CSC system by investigating its fluid limit approximation with patient customers. However, they fix the routing policy and focus on both the transient and steady state behavior of the CSC system, whereas Tezcan and Zhang [24] focuses on the optimal routing policy in steady state. Finally, in Tezcan and Zhang [25] , they extend their fluid analysis to incorporate general service time distributions. Whereas previous work in CSC system analysis has only used fluid approximations, our paper analyzes the system using many-server di↵usion approximations. To our knowledge, this is the first study that uses such an approach.
Model and the asymptotic regime
In this section we first explain the queueing model we use to analyze CSC systems in §2.1. Then, we introduce the asymptotic regime that we use in §2.2.
Queueing model
We consider a system with a single class of customers that arrives according to a renewal process with rate , and a homogeneous pool of n agents, where each agent has the ability to serve up to K customers simultaneously. The coe cient of variation for the interarrival time is denoted by c 2 a . Hereafter we say that a agent is at "level k" if it is currently serving k customers, and "class k" refers to the pool of all agents that are currently serving k customers. We assume that the service time of a customer receiving service from an agent at level k is exponentially distributed with rate µ k , for k 2 {1, 2, . . . , K}. We also assume that customers have limited patience and they abandon from the queue if they wait too long or from service if their service is not completed in a reasonable time. To model this feature we assume that the abandonment time of a customer in service is exponentially distributed with rate ⌫ s , and the abandonment time from the queue is exponentially distributed with rate ⌫.
Arriving customers are routed according to the the lightest-load-first rule, that is, they are routed to one of the least busy agents (one of those agents serving the least number of customers). It is immaterial for our purposes which agent among the least busy agents (if there are more than one) is selected, we assume it is selected randomly for concreteness. (We use this assumption only in one of the methods to estimate the sojourn time.) If all agents are at level K, the customer joins the queue to await service. Once the customer is at the head of the queue, his service begins as soon as an agent completes a chat. Furthermore we assume that customers in the queue are served according to a FCFS discipline. Next, we define
The value d k represents the total departure rate from an agent at level k, including both service completions and abandonment during service. Finally, we assume that d
. . , K}, that is, the total departure rate is increasing as the agent's level increases. For further justification of this assumption, see Tezcan and Zhang [24] .
Queueing model equations: Next we present the queueing equations that determine the evolution of chat systems. Define Z k (t) to be the number of agents at level k at time t. Let A(t) be the total number of customers arriving into the queuing system by time t. Next, define Q(t) as the number of customers waiting in the queue at time t. Let A k (t) denote the total number of arrivals routed to class k, for k 2 {0, 1, . . . , K 1} and A K (t) denote the number of arrivals that are sent into the queue by time t at the time of arrival.
To model customer departures from the system first we let S k be a Poisson process with rate 1,
represents the total number of departures from
⌘ denotes the number of abandonments from the queue by time t. We assume that A and S k are mutually independent for all k 2 {1, 2, . . . , K + 1}. For notational simplicity we define
Also we set Z = (Z 0 , . . . , Z K ), and A = (A 0 , . . . , A K ). The queueing equations are given by
where L Q is defined as
for all t > 0, and
Furthermore (Z, A, Q) must satisfy
Equations (1)- (2) follow from the fact that once a customer is assigned to an agent at level k for k 2 {1, 2, . . . , K 1}, the agent goes to level k + 1. Similarly, once a customer leaves the system from an agent at level k, that agent goes to level k 1. However, this is not true for an agent at level K; an agent at level K goes to level K 1 after a customer departure only if the queue is empty, otherwise that agent remains at level K. Hence L Q defined in (5) determines when an agent goes from level K 1 from K. Finally (7) and (8) follow from our routing policy. Equation (7) guarantees that customers join the queue only when all the agents are serving K customers. In addition, (8) implies that customers will only be routed to a level if all the classes below that level are empty.
We also note that
For notational simplicity we set
. By (4) and (9)
Another form of queueing model equations: Before we turn our attention to the analysis of chat systems we next write equations (1)-(4) in a form more amenable to analysis. This new form plays a crucial role in our analysis. We first define L k (t) to be the number of customers that have been routed to either to the queue or one of the agents in levels k + 1 or higher by time t, for k = 1, 0, . . . , K 1 and so L 1 = A. Using the notation defined above
With this new definition, we can rewrite (1)- (3) as
and
Clearly (11)- (14) follow from (1)- (3), respectively. (15) follows from (5) and (16) follows from (8) . By (10) we have
The new form of queueing equations (11)- (17) will prove useful to define a continuous map based on the reflection condition (16) that we use to prove di↵usion limits below.
Asymptotic regime
We focus on the asymptotic analysis of chat systems with many servers (as n ! 1). Our main goal is to find an approximation for the steady state performance of these systems using di↵usion limits. In general, the di↵usion scaling is a refinement of the fluid scaling. While the fluid scaling is used to capture the mean value of a queueing process, the di↵usion scaling is used to analyze the fluctuations of that process around its (fluid-scaled) mean value. Therefore as an intermediate step, we must first establish the fluid limits. In this section we describe the details of the asymptotic regime that we consider, and then define the fluid and di↵usion scalings.
We consider a sequence of chat systems indexed by n, the number of agents in the system. The arrival rate in the nth system is denoted by n , and is assumed to satisfy the following condition, which is similar to the well-known square root sta ng rule (see Dai and He [6] , Gans et al. [10] , Halfin and Whitt [12] , for details):
for > 0. We append "n" to all the quantities in the nth system, e.g. Z n 0 (t) gives the number of idle agents at time t in the nth system. With this notation, equations (11)- (16) obviously still hold for the nth system.
The di↵usion limits of the underlying queueing process depends on the limiting value , as will be seen in our analysis that follows. More specifically we consider three di↵erent cases.
The main reason we consider three di↵erent cases is because it turns out that the di↵usion limits are di↵erent and we need a di↵erent (continuous mapping) approach to prove convergence in each case. We do not consider the case when > d K because in that case the analysis is identical to the many-server asymptotic analysis of an overloaded M/M/N + M queue. Remark 1. As mentioned above our purpose is to build approximations for the system performance for a given number of servers n and arrival rate n . We will see that in each case we have a di↵erent approximation. Therefore in order to apply our results one needs to decide which case (among Cases I-III) is applicable for fixed parameters. However it is not clear which case is more applicable for a fixed n and n since for certain values both Cases I and II (or Cases I and III) can be applicable. To illustrate, assume that n = 100, d 1 = 0.5, d 2 = 1.5, and n = 100. Then we can take j = 1, = 0 and use Case I or j = 2, = 1.5 and = 5/1.5 and use Case II. Intuitively, the asymptotic regime in Case II (when = d j ) should be more applicable when n is "close" to d j n for some j and Case I should be more applicable when n is in between d j n and d j+1 n, for some j. In what follows we first establish the di↵usion limits in each case and build approximations for the actual system based on stationary distribution of the limiting process. We explore which case is more applicable afterwards using numerical results and provide simple guidelines in §8.
For the rest of this section our purpose is to define a general notion of fluid and di↵usion scaling that captures all three cases, to avoid redefining these concepts repeatedly for each case. Next, we define the fluid scaled processes
and define
. To obtain meaningful limits we assume that
for random vectorsZ(0) 2 R K + andQ(0) 2 R + . As a first step towards obtaining our di↵usion approximations, we show that under assumptions (18) and (28) the fluid-scaled process (Z n ,Q n ,L n ) are tight and we provide a set of equations that are satisfied by the fluid limits (Z,Q,L). We also show that the fluid limits have an invariant state, denoted by (Z(1),Q(1)) withZ(1) = Z 0 (1),Z 1 (1), . . . ,Z K (1) . The invariant state will be di↵erent for each case mentioned above. Given the invariant state of the fluid limits we are able to define the di↵usion scaling, assuming that the initial state of the system is at the invariant state for the fluid limit, that is, we assume (Z(0),X(0)) = (Z(1),Q(1)).
(29)
Next we define the di↵usion scaling bŷ
and defineẐ n = (Ẑ n 0 , . . . ,Ẑ n K 1 ). Finally in establishing the di↵usion limits, we assume that
where (Ẑ(0),Q(0)) is a random vector with (Ẑ n (0),Q n (0)) satisfying (7) andẐ(0) 0 andQ(0) 0.
Fluid limits of CSC queueing models
In this section, we first establish the fluid model equations as the limit of the fluid scaled processes. The results will be used to establish the existence of fluid invariant states (Z(1),Q(1)) below in Theorem 2. Recall that the fluid invariant states are needed in the definition of di↵usion scaling (30)-(32).
, satisfies the following fluid model equations
In addition (Z,Q,Ā,L,L Q ) is di↵erentiable almost everywhere. A fluid model analysis of chat systems is provided in Tezcan and Zhang [24] under a general policy. Here our queueing model equations are slightly di↵erent and due to our relatively simpler policy, our proof is much shorter. We provide a detailed proof in Appendix A for completeness. We refer to the set of equations (34)- (46) for all t > 0. Note that under Cases I and II
for some j 2 {1, 2, . . . , K 1}, 0   1, and defined in (18) .
Theorem 2. The fluid model equations (34)-(46) have an invariant state denoted by Z (1),Q(1) . i. In Cases I and II (when (47) holds) the invariant state is given by
ii. In Case III (when (48) holds) the invariant state is given bȳ
Remark 2. Based on Theorem 7 in Tezcan and Zhang [24] the invariant states are also the steady states of the corresponding fluid models in each case (this fact is not needed for the remainder of the paper). Because we focus only on the lightest-load-first policy we are also able to show that the steady states are invariant states as well, a fact that will be needed in our analysis of di↵usion limits.
Proof of Theorem 2:
We mainly focus on Case I, so assume that (47) holds and 0 < < 1 and for simplicity we assume that j + 1 < K. By Theorem 1, (Z,Q) is a.e. di↵erentiable. For the remainder of the proof we only consider regular points of t where the derivative (Ż(t),Q(t)) exists. We also use the following fact in a number of places in the proof; if (Ż(t),Q(t)) exists andZ k (t) = 0, theṅ Z k (t) = 0 as well, since at time t,Z k attains its minimum. We first show that in the invariant state,Z k (1) = 0 for k 2 {0, 1, . . . , j 1}. To do so we define the Lyapunov function f 1 , similar to that used in Theorem 7 of Tezcan and Zhang [24] , as follows
Therefore by (34) and (35)
whereD
It su ces to show that for any t > 0, if (35), (40), (44), (46), (47) and (49), when f 1 (t) > 0ḟ
We next show thatZ k (1) = 0 for all k 2 {j + 2, j + 3, . . . , K} by using a similar approach. First, by (38) and (40)
K , henceX(t) = 0 for all t 0 ifX(0) = 0. Next we define the Lyapunov function
by (35) and (36). We split our analysis of f 2 into two cases:
then from (35)-(37), and (40), (50) givesḟ
In the other case ifZ j (t) = 0, then from (35)-(37), (46), and the fact thatZ k (t) = 0 for k 2 {0, 1, . . . , j 1} for all t 0, we have thatȦ j (t) = d j+1Zj+1 (t) and
where the last inequality follows from (47) and our assumption that d k is increasing in k. It remains to show the invariant state ofZ j andZ j+1 .We already showed thatZ k (t) =Q(t) = 0 for all k 6 = j, j + 1 and t 0, and so by (44),Z j (t) +Z j+1 (t) = 1. In addition by (34)-(36)Ȧ k (t) = 0 for k = 0, 1, . . . j 2 and k = j + 1, . . . K, for all t 0. BecauseZ j 1 (t) = 0 for all t 0, we havė (34)- (36) for all t 0. Combining this fact with (35), (46), and (47), we see thatŻ
By (51), for any t > 0, ifZ
This completes the proof for (Z(1),Q(1)). The expression forL(1) can easily be verified by substituting the expression for (Z(1),Q(1)) into (34)-(37) and (43). The proof for the case j + 1 = K is similar except that instead of showingX(t) = 0 for all t 0 we only show thatQ(t) = 0 for all t 0 using (37). The last step of the proof is identical afterwards.
For Case II the proof is very similar. The result in the first and second steps follow similarly. The argument leading to (51) is not needed since there is only one level. In Case III, the first step is still valid. Also, for the second step it is not di cult to see thatQ(t) < 0 ifQ(t) > 0, if (48) holds. ⇤ 4. Di↵usion approximations in Case I In this section we establish the di↵usion limit (Ẑ,Q) of the di↵usion-scaled process (Ẑ n ,Q n ) in Case I. We then find the stationary distribution of the limiting di↵usion process (Ẑ,Q), which we later to use to approximate the steady state of the actual CSC system.
Recall that in Case I we assume that defined in (47) satisfies 0 < < 1. Hence we have n = n p n, n 1 and
for some 0 < < 1 and j = 0, . . . , K 1 and . We also make the following assumption about the initial state which we need to establish a state space collapse result, see Remark 3 below for more details;
where
Theorem 3. Assume that (28), (29), (33), (52), and (53) hold, and that 0 < < 1. Then (Ẑ n ,Q n ) ) (Ẑ,Q) in D K+2 as n ! 1, where (Ẑ,Q) is the unique solution to the stochastic di↵er-ential equationẐ
and B is a driftless Brownian motion with variance (1 + c 2 a ).
Remark 3. The result (54) in general is known as a state space collapse result, which shows that the total number of agents in those levels in S 1 goes to zero. Before we present the proof, we next provide the stationary distribution of the limiting process. BecauseẐ j is an Ornstein-Uhlenbeck process the following result is well-known (see Browne and Whitt [4] for details).
Theorem 4. The di↵usion processẐ j has a stationary distribution which is normal with mean
. Proof of Theorem 3: Assume that (28), (29), (33), (52), and (53) hold, and that 0 < < 1. We next write the queueing equations for the di↵usion scaled processes defined in (30)-(32). Let
Based on Theorem 2, we definê
. We first show the convergence of (Â n ,Ŝ n j ,Ŝ n j+1 ). By Donsker's theorem,
whereÂ is a Brownian motion with drift 0 and variance c 2 a . Next we conclude that Below we prove that
Now we focus onẐ n j andẐ n j+1 . From Theorem 2 and (29) we know thatZ j (t) = for all t 0 a.s. Therefore, we conclude that (L n j ,L n j+1 ) ! (0, 0) a.s. u.o.c. as n ! 1 by (16). By (58), (59), and (64), progressing recursively starting from k = 0, we can find a process
, and such that
Note that by the definition of di↵usion scaling and (6), we have
If j < K 1, by (58)- (60), (64) and (65) we havê
for some process (✏ n j , ✏ n j+1 ) ) 0 in D 2 as n ! 1, and for defined in (47). If j = K 1, then by (14) and (64)
Hence (66) and (67) also hold in this case with j = K 1 and j + 1 = K. From (66) and (67), it is enough to focus our attention on the convergence ofẐ n j . Define x n by
By (47), (62), and (63), x n ) x in D as n ! 1, where x(t) ⌘Ẑ j (0) + t + B(t), for all t 0 and B a driftless Brownian motion with variance (1 + c 2 a ). ThenẐ n j = (x n ) where is the continuous mapping defined in Lemma 9 of Dai et al. [7] . Thus we apply the continuous mapping theorem to conclude thatẐ n j )Ẑ j in D as n ! 1, forẐ j that follows (55). We conclude the proof by showing (64). We prove only thatẐ n 0 ) 0 in D as n ! 1; the convergence of (Q n ,Ẑ n k for k 2 S 1 \ {0}) follow from a similar argument and their proofs are omitted. We follow an argument similar to that in Reiman [20] . Formally, we show that P (kẐ n 0 (t)k T > ✏) ! 0 as n ! 1 for any ✏ > 0 and for T = 1.
IfẐ n 0 (t) > ✏ for some ✏ > 0 and for some t > 0, then there exists ⌧ n > 0 and
Note that by (53), we can assume that ⌧ n > 0. Next, from (16) and (58),
Hence, by definition of ⌧ n and ⌧ 0 n , we can find s and t such that
where 0  s  t  1. Thus we have
All that remains is to show that for any ⌘ > 0, we can find N such that for all n > N,
We only prove (68); the proof of (69) is omitted since it follows by an identical argument. For x 2 D, we define the mapping (
as n ! 1, by the continuous mapping theorem and (62). Since f 1 (Â) ) 0 as ! 0, we can fix > 0 such that P
Next, note that
It is well known that the supremum of a Brownian motion is stochastically bounded (see Karatzas and Shreve [13] for details), in the sense that
Thus we can find M < 1 such that
Finally pick N such that for n > N,
Then for n > N, by (70) and (71)- (74),
for some j 2 {1, 2, . . . , K 1}. Using the queueing equations (11)- (14), we first prove the convergence of the di↵usion scaled processes, under assumption (75). The closed-form solutions for steady state of the di↵usion limits could not be obtained, hence in §5.2 we give a heuristic method to estimate the steady state of the di↵usion limit.
Di↵usion analysis
In establishing the di↵usion limit we use the continuous mapping approach with a novel map that we define next. Given x 2 D 2 , we wish to define a map ( , )(x) :
, r = (r 1 , r 2 ) 2 R 2 with r 1 > 0, and m = {m ij } a square matrix of dimension 2 ⇥ 2, we define ( , )(x) to be ( , )(x) ⌘ (z, l),
l(0) = 0, l is non-decreasing, and z 1 (t)dl(t) = 0.
The following theorem establishes the existence and the continuity of the map ( , ). See Appendix B for a proof.
For notational simplicity we set S 2 ⌘ {0, 1, ..., K} \ {j 1, j, j + 1}. We also assume that
We have the following asymptotic result.
Theorem 6. Assume that (29), (33), (75), and (79) hold. Then (Ẑ n ,Q n ) ) (Ẑ,Q) in D K+2 as n ! 1, where (Ẑ,Q) is the unique solution to the stochastic di↵erential equationŝ
and B is a driftless Brownian motion with variance (1 + c 
ThereforeL n j ! 0 a.s. u.o.c. as n ! 1 by (16). Alsô
by (16) . In addition, we have
in D 2 as n ! 1, whereÂ andŜ j are independent driftless Brownian motions with variances c 2 a and , respectively. As in (62) and (63), this again follows from Theorem 2, Donsker's theorem, and (29). Also, again by (29), (33), and Theorem 2 we havê
From an identical argument as in the proof of (64), we conclude that
Next by (58)-(61), (87) and (88), we can find a process ✏ n ⌘ (✏ n 0 , . . . , ✏ n j 2 ) such that ✏ n k ) 0 in D as n ! 1 for k 2 {0, 1, . . . , j 2}, and
Then by (58)-(60) and (87), (Ẑ n j 1 ,Ẑ n j ,Ẑ n j+1 ) satisfŷ
for some process (✏ n j 1 , ✏ n j , ✏ n j+1 ) ) 0 in D 3 as n ! 1. From (65), (88), and (89)-(91), it is enough only to focus on the convergence of (Ẑ n j 1 ,Ẑ n j ). Let x n = (x n j 1 , x n j ) be defined by
Note that x n ) x in D 2 as n ! 1 by (75) and (86), where
and B is a driftless Brownian motion with variance (1 + c 2 a ). Next, observe that (L n j 1 ,Ẑ n k for k 2 {j 1, j}) = ( (x n ), (x n )), where ( , ) are the continuous mappings defined in Theorem 5. Thus we apply the continuous mapping theorem to conclude that (80) and (81). ⇤
5.
2. An approximation for the stationary distribution of the di↵usion limit Closed form solutions for the steady state of the di↵usion limits established in Theorem 6 could not be obtained. In this section we o↵er approximations whose validity we verify using numerical results in later sections. The idea behind obtaining an approximation is to reduce the dimension of the di↵usion process from 2 to 1. We achieve this by assuming that the system cannot have agents at levels j 1 and j + 1 at the same time. This can be done either by enforcing this constraint on the di↵usion process or more intuitively by slightly modifying the routing policy as we explain next. Assume that if an agent in level j finishes service and there are agents in level j + 1, a customer from an agent in level j + 1 can be transferred to the agent finishing service. Hence both agents end up in level j. It is easy to show that under such a preemptive policy there cannot be agents in levels j 1 and j + 1 at the same time. (Such a preemption procedure is usually not applicable in the chat service applications for various reasons, see Tezcan and Zhang [24] .)
To explain our approximation under the preemptive policy, let V n (t) to be the number of people in the nth queueing system at time t andV denote its fluid limit. It can be shown similar to Theorem 1 that in the steady state of the fluid limit we haveV (t) = j. DefineV n (t) = p n(V n (t) j). Note that by (58)-(61)
Using an argument similar to the proof of (64) we can show under the preemptive policy that
where ✏ n k ) 0 as n ! 1 u.o.c. for k = 0, . . . , K + 1. In words, agents can only be at levels j 1, j and j + 1 and there cannot be any agents in levels j 1 and j + 1 at the same time. Hence using (92) and (93)-(97) and passing to the limit we haveV n )V , as n ! 1, wherê
and B is a driftless Brownian motion with variance (1 + c 2 a ). The stationary distribution ofV can be obtained in closed form and we use this to approximate the steady state of the original system (with no preemptions). We conclude the section by giving the stationary distribution of the limiting di↵usion processV .
Theorem 7. AssumeV follows (98). Define the parameters
where and denote the pdf and cdf of the standard normal distribution respectively. Then the di↵usion processV admits a piecewise normal stationary distribution, with the density g given by
This follows from the fact thatV is a piecewise Ornstein-Uhlenbeck process, which has a piecewise normal stationary distribution (see Browne and Whitt [4] for details).
Di↵usion approximations in Case III
In this section we focus on Case III where n = n p n, n 1 and
and establish the di↵usion limits of the chat systems. We need to make the following assumptions about the initial state of the system, similar to the corresponding assumptions (53) and (79) in Cases I and II. Let S 3 ⌘ {0, 1, . . . , K} \ {K 1, K} and assume that
We have the following result for (Ẑ n ,X n ) (recall definition (32)).
Theorem 8.
Assume that (29), (33), (100), and (101) hold. Then (Ẑ n ,X n ) ) (Ẑ,X) in D K+2 as n ! 1, where (Ẑ,X) is the unique solution to the stochastic di↵erential equationŝ
where B is a driftless Brownian motion with variance (1 + c 2 a ). Before we present the proof, we next provide the stationary distribution of the limiting process. Note thatX is a di↵usion process similar to (98) with di↵erent coe cients. Hence the stationary distribution ofX can be found as in Theorem 7 by setting
Proof of Theorem 8: Assume that (29), (33), (100), and (101) hold. By (29), (33), and Theorem 2,X(t) = 1 for all t 0. Based on Theorem 2, we definê
As in the proof of (62), we apply Donsker's theorem, Theorem 2, and (29) to conclude that
in D 2 as n ! 1, whereÂ andŜ K are independent driftless Brownian motions with variances c 2 a and , respectively. Also, again by (29), (33), and Theorem 2 we havê S n k ) 0 in D as n ! 1 for k = 1, . . . , K 1 and k = K + 1.
Next, from an identical argument as in the proof of (64), we have that
Observe that by (58)-(61) and (106) there exists some process
By (32),X
Then by (17) , (107), and (108)
for some process ✏ n K ) 0 in D as n ! 1. By definition ofX n , we haveQ n = (X n ) + ,Ẑ n K = (X n ) , and thus from (7), (65) and (106) we haveẐ n K 1 = (X n ) + ✏ n K 1 (t), for some ✏ n K 1 ) 0 in D as n ! 1. Therefore, from (106), it su ces to focus only on the convergence ofX n . Define x n by
Note that x n ) x in D by Donsker's theorem, (100), and (105), where
and B is a driftless Brownian motion with variance (1 + c 2 a ). Observe thatX n = (x n ) where is the continuous mapping defined in Theorem 4.1 of Pang et al. [17] . Because is continuous, we apply the continuous mapping theorem to conclude thatX n converges weakly toX, which satisfies (104). ⇤
Approximations for performance measures in steady state
In this section we build approximations for three performance metrics in chat systems; number in system, abandonment probability and sojourn time in steady state, based on the di↵usion limits we established. Our goal is to build approximations for the performance measures given fixed arrival rate n and number of servers n. The approximations we obtain for the number in system are somewhat standard and are obtained by "reversing" the di↵usion scaling in (30)-(32) and using the stationary distribution of the di↵usion limits. Once the approximations for the number in system are obtained, it is also not very di cult to obtain approximations for the abandonment probability. However, obtaining approximations for the sojourn times requires more work as explained in the introduction. In §7.3 we o↵er two approximations based on our estimates of number of agents in each level in steady state.
Number in system
First we focus on estimating the number in system. Fix n and n and let Z n j (1) and V n (1) denote the number of customers in level j and in system in the n-server system in steady state, respectively. Also let Q n (1) denote the number of customers in queue in steady state. We consider two estimation procedures, referred to as Procedures 1 and 2. Procedure 1 is derived from Theorem 4 and Procedure 2 from Theorem 7.
) and ( , d) to be the unique values of j and that satisfy (47), where is restricted to be between 0 and 1. For notational simplicity set j = j( n , d) for the rest of this section.
First we describe Procedure 1. Let ⌘ n /n. Then the first equation in (52) holds with = 0 and let ( , d) be defined as above (we drop ( , d) for notational simplicity). From Theorem 4, by taking = 0, an approximation for the steady state is given by E ⇥ Z n j (1)
)n and EZ n k (1) = 0 for all k 2 S 1 and EQ n (1) = 0. For the variance we have V ar
and V ar (Z n k (1)) = 0 for all k 2 S 1 and V ar(Q n (1)) = 0. Hence we have the following approximations in Procedure 1.
.
We note in passing that the approximations obtained for the expected number of customers, as well as for E ⇥ Z n j (1)
⇤ , under Procedure 1 agree with the corresponding approximations obtained from the fluid limits in [25] .
Next we explain the details of Procedure 2. Let j be such that nd j is closest to n and let ⌘ d j . For the rest of this section we assume that j < K but if j = K the approximations can be obtained from Theorem 8 in a similar way. From (18) and (75), the value of for a fixed and d is given by
Let V (1) denote a random variable with the stationary distribution g defined in (99). We use the approximation
Similarly, the variance of the number of customers in steady state, V ar(V n (1)), is calculated by V ar (V n (1)) = nV ar (V (1)) .
Approximations for Z n j 's can be obtained using (93)- (95). To illustrate which procedure should work better in a given parameter setting, we note that in Case I, the arrival rate is assumed to be in between two d j 's and in Case II the assumption is that the arrival rate is fairly "close" to d j . Since we take = 0 in (18) in Procedure 1, we expect that when ( , d) used in Procedure 1 is far away from the boundaries, 0 and 1, Procedure 1 should perform better. When it is close to 0 or 1 Procedure 2 should perform better.
Abandonment probability
We wish to estimate two quantities: the probability that an arriving customer abandons from service, p s , and from the queue p q in steady state. The approximations are based on the fact that the patience times are exponential. We have
Equation (109) follows from the fact that per unit time there will be ⌫E[Q n (1)] abandonments from the queue out of n arriving customers. The expression (110) follows from an identical reasoning.
Sojourn times
Now we focus on the sojourn time. In particular, we are interested in a method to find higher moments of the sojourn time since the expected sojourn time can be obtained from a simple application of Little's Law and our estimate for E[V n (1)]. The approximations for the distribution of the sojourn time is a little bit more involved. For the sake of brevity we will mainly focus on the case when all the agents are expected to be in two levels j and j + 1, for example see the approximation in Case I above. The approximations for the other cases can be obtained similarly. We illustrate the accuracy of our approximations suggested in this section in §8.3. Our approximations to follow are based on estimated E[Z n j (1)]'s in steady state, hence any method to estimate E[Z n j (1)]'s can be used. To this end let E[Z n j (1)] and E[Z n j+1 (1)] denote the expected number of agents in level j and j + 1 in steady state.
Method 1:
The main idea behind the first method is to assume that the number of agents in each level at all times is equal to their corresponding expected number in steady state. To model the journey of a customer in the system we define a continuous-time Markov chain with states {j, j + 1, out} and transition rates between two states m and n denoted by ✓ m,n , where Figure 1 . Markov chain diagram for customer waiting time.
A diagram of the Markov chain can be found in Figure 1 . The intuition behind the Markov chain is as follows: We "tag" a customer that enters the system at time 0 and begins service with an agent that is either at level j or level j + 1. Then we model the customer's sojourn in the system as a continuous time Markov chain which is in state j if the tagged customer's agent is at level j, state j + 1 if the tagged customer's agent is at level j + 1, and in state "out" if the customer has completed service by time t. (Obviously "out" is an absorbing state.) We assume that customers are routed randomly to an agent that is either at level j or level j + 1 at arrival. In particular, we assume that the probability that a customer begins service in class j is
n and the probability that a customer begins service in class j + 1 is
n . This assumption ensures that the arrival rates into class j and class j + 1 are equal to the total departure rates from class j and class j + 1 respectively. The customer's sojourn time is given by the first passage time from entry into the system to the state "out".
The rate ✓ j,out is as given in (112) since an agent at level j completes service at rate d j , and with probability 1/j the customer who completes service is the tagged customer, because service times are exponential. A similar argument gives us the expressions for ✓ j+1,j and ✓ j+1,out . Finally, ✓ j,j+1 is defined as in (111) since the arrival rate into level j is given by n d j E[Z n j (1)], and with probability 1/E[Z n j (1)] the arrival is routed to the agent that is serving the tagged customer (assuming that an agent in that level is selected randomly for a newly arriving customer). Closedform solutions for the higher moments of the sojourn time cannot be obtained in general. However it can easily estimated by simulating the described Markov chain.
Method 2:
We now provide another approximation that would yield a simpler approximation than the first method and yield a closed-form expression of the sojourn time. The intuition behind our next method is as follows: We wish to divide our chat system into two separate systems in such a way that the steady state is similar to the original system, and such that it is possible to analyze each system separately. A similar approximation is used in Tezcan and Zhang [25] based on fluid approximations.
We divide our chat system into two separate systems, where the first system (denoted as S j ) consists only of agents that are allowed to serve at most j customers, and the second system (denoted as S j+1 ) only of agents that are allowed to serve at most j + 1 customers. We assume that there are E[Z n j (1)] agents in S j , and E[Z n j+1 (1)] agents in S j+1 . We also assume that arrivals are randomly routed at the time of arrival into S j with probability p or S j+1 with probability 1 p, and we set p = (1)] agents at level j + 1 in this new system. By dividing our original system into S j and S j+1 and by selecting our parameters carefully, the steady-state number of agents in the new system at each level matches the number of agents predicted by Theorem 2 for the original system. Therefore, we expect that this method yields accurate approximations. Define Y j and Y j+1 to be independent exponential random variables with rates (µ j + ⌫ s ) and (µ j+1 + ⌫ s ) respectively, representing the sojourn times experienced by a customer in S j and S j+1 , and let X be a Bernoulli random variable, independent from Y j and Y j+1 , indicating whether the customer enters S j or S j+1 , that is, X = ( 1 with probability
0 with probability
The sojourn time of a customer (denoted by T ) is then given by
. We use T to approximate the sojourn time of a customer in the original system. By conditioning on the value of X, we can find the mean and variance of T . (Recall that p =
Numerical Results
In this section we test the approximations o↵ered in the previous section for the number of customers in system, abandonment probability and the sojourn time using numerical experiments. We consider systems with 25 to 100 agents with varying arrival rates. We wish to investigate two issues in our numerical tests: (i) determine the e↵ect of the number of agents on the quality of our approximations, (ii) determine when it is more appropriate to use either Procedure I or II, based on di↵erent parameters. We focus mainly on approximations for Cases I and II. Case III can be considered as a special case of Case II (or Procedure II).
Details of simulation experiments
To perform our numerical tests, we use 3 di↵erent sta ng levels: n = 100, n = 50, n = 25, and 2 sets of parameters for d: case (i), d
(1) = {3, 5, 6, 7.6}, case (ii), d
(2) = {3, 5, 7.5, 8.5}. We set ⌫ = ⌫ s = 0.2. For each combination of n and d (for a total of 6 scenarios), we simulate the system using arrival rates denoted by n , where n = n˜ . In case (i) we take˜ 2 {5.01, 5.2, 5.4, 5.5, 5.6, 5.8, 5.99}, and in case (ii) we take˜ 2 {5.01, 5.5, 6, 6.25, 6.5, 7, 7.49}. In all the experiments we use Poisson arrivals. From our choice of parameters, we note that j(˜ , d) = 2 for all combinations of˜ and d. We choose the values of d in cases (i) and (ii) to investigate the impact of increasing d j+1 d j on the accuracy of our approximations, and we choose the values of˜ to test how the accuracy of our approximations are a↵ected by di↵erent values of (˜ , d). In both cases, (˜ , d) varies from 0 to 1.
All simulations were run for 20000 time units with a 2000 time unit warmup period. We do not report the confidence intervals of the simulated number in system (obtained from batch sampling), since they are all less than 1% of the average value in general. To test the accuracy of our approximations proposed in §7, we compare the simulated mean and variance of the number in system with the predicted values and report the percentage di↵erence between the two. For each performance measure, we present % error = predicted value -simulated value simulated value .
Number in system
The results of our numerical results for the number of customers in system are reported in Figure 2 to Figure 5 . We present the results for the expected value in Figures 2 and 3 and the variance of the number of customers in system in Figures 4 and 5 . For each value of n and d, we plot the percentage error defined in (117) over di↵erent arrival rates (see Figure 2 -Figure 5 ). From Figure 2 and Figure 3 , we notice that both procedures perform well in estimating the average number of customers in the system, with a maximum average error of around 2%.
In Table 1 (which is intended to serve as a general summary of all the simulation results in this section), for each set of values of d, we find the minimum absolute error between Procedure 1 and Procedure 2 for each , then take the average over all the arrival rates and present this average error over the size of the chat system. This gives an idea of how our best approximation performs relative to system size.
As expected, Procedure 1 outperforms Procedure 2 in predicting the variance of the number in system for moderate values of (˜ , d), but when (˜ , d) is more extreme, Procedure 2 outperforms Procedure 1 (see Figure 4 and Figure 5 ). Thus, we use Procedure 1 to calculate the variance in the former case and Procedure 2 in the latter case. Using this rule, our approximations perform well in predicting the variance. At most, the average error is 10.5% (see Table 1 ). The maximum percentage error is 38% (see Figure 5 (a)) for a small number of agents, although for a larger system the maximum percentage error drops to 7% (see Figure 5(c) ). Finally, as a general rule of thumb, we recommend using Procedure 1 when 0.3  (˜ , d)  0.7 under Procedure 1, and recommend using Procedure 2 otherwise. Because the approximations under Procedure 1 for the expected number of customers in system agree with that of the fluid approximations, our numerical results also show that approximations based on di↵usion limits are more accurate than those based on fluid limits when (˜ , d) ⇠ 0 or 1. (c)n=100 (c)n=100 j+1 is small, the variance becomes extremely large and the rate at which our approximations converge to the true variance becomes quite slow, making the approximations inaccurate for smaller systems. To illustrate this observation, we plot the error in variance of the number in system, for the chat system with parameters d (3) = {3, 5, 7.5, 7.6},˜ 2 {5.01, 5.5, 6, 6.25, 6.5, 7, 7.49}, and with sta ng levels n = 100, n = 50, and n = 25, for a total of three di↵erent scenarios. We note that for all values of˜ , j(˜ , d
(3) ) = 2. Our results are given in Figure 6 . Focusing on the case wheñ = 7.49, we see that for n = 25 the error for Procedure 2 is around 70% (see Figure 6(a) ), but as n = 100, the error drops to 10% (see Figure 6(c) ). 
Sojourn time
In this section we test the two proposed methods in §7.3 for estimating the sojourn time. In both methods we use the estimates of E[Z n j (1)] and E[Z n j+1 (1)] obtained using Procedure 1 in §7.1. To determine the accuracy of our estimates, we focus only on the variance of the sojourn time since the expected sojourn time is easily determined from Little's Law and from our approximations for the average number of customers in system (whose accuracies are already verified). To estimate the variance of the sojourn times with method 1, for each fixed value of˜ and d, we simulate the Markov chain defined in Figure 1 for 100,000 iterations. The expected sojourn time is given by the average first passage time to state 'out', and its variance is determined from these samples. In method 2, we calculate the variance of the sojourn time numerically from (116) for each fixed value of˜ and d.
The results are reported in Figure 7 and Figure 8 . For each value of n and d introduced in §8.2, we plot the percentage error in the variance of the sojourn time, defined by (117) over di↵erent arrival rates. In Table 1 , for each set of parameters of d, we find the minimum absolute error between Methods 1 and 2 for each˜ , then take the average of all the errors over all arrival rates and present this average error versus the size of the chat system.
Overall, both methods perform well in predicting the variance of the sojourn time. Thus, in general we remark that both methods are equally as appropriate to use to analyze the sojourn time in all cases. From Table 1 , we see that the average error is at most around 5% for n = 25, while the maximum error in variance is around 15% when n = 25 (see Figure 7 (a)). When n = 100, the average error drops below 3%. Finally as a sidenote, we observe that method 1 outperforms method 2 as the quantity d 
Abandonment probability
In this section we test the accuracies of our approximations for the abandonment probability. Once the number of customers in di↵erent levels is estimated accurately, we expect very little error in approximating abandonment probability, since (109) and (110) hold for chat systems in steady state and our di↵usion approximations for the total number of customers in system are quite accurate. We next report the results when the abandonment probabilities are estimated using (110) where the expected number of agents in each level (E[Z n j (1)] and E[Z n j+1 (1)]) is estimated using Procedure 2. The results when Procedure 1 is used is very similar.
We plot the percentage error between our predicted abandonment probability and the actual abandonment probability against the arrival rate in Figure 9 and Figure 10 . Overall, our approximations for the abandonment probability is very accurate. In most cases the error is well below 1%, even for as few as 25 agents, while the maximum error is less than 3% (see Figure 9 (c)). Finally, to give an idea of the overall accuracy, we show the average absolute percentage error for di↵erent sta ng levels in Table 1 , see row "Abandonment probability". In almost all cases the average error is well below 1%.
Performance measure n = 25 n = 50 n = 100 n = 25 n = 50 n = 100 Mean of number in system 9. Conclusion This paper derives di↵usion approximations to estimate the performance of chat service systems with impatient customers in steady state. We focus on the lightest-load-first routing policy. We establish the di↵usion limits describing the asymptotic behavior of the di↵usion-scaled number of customers in the system in a many-server heavy tra c regime. Under three di↵erent cases we obtain di↵erent limits and propose approximations for the number of customers in the system and the abandonment probability in steady state based on these limits. In addition, we give two heuristic methods to estimate the sojourn time of a customer based on our di↵usion approximations. We justify the validity of our approximations with numerical experiments. Our numerical experiments suggest that in most cases our approximations work well, even for small systems with 25 agents.
Moving forward, we believe there are several important future research directions. First it may be possible to extend our CSC model to incorporate general or phase-type service time distributions and obtain estimates on system performance. On the technical side, other routing policies proposed in Tezcan and Zhang [25] can also be studied. We study a special case in Appendix C. Another interesting extension of our model is to introduce heterogeneity in either the customers or in the chat agents. It will be useful to determine how to e↵ectively route customers to available agents and to determine the resulting system performance under such a policy if customers have di↵erent service requirements and chat agents can serve customers at di↵erent rates.
Appendix
A. Proof of Theorem 1 Assume that (18) and (28) (43) and (42), respectively. Since summation preserves the Lipschitz property, we conclude that (Z,Q) is Lipschitz.
Next we prove tightness. We first note that by the functional strong law of large numbers (FSLLN),Ā n !Ā u.o.c. a.s. as n ! 1, whereĀ(t) ⌘ t. For the rest of the proof we consider only the sample paths in which this convergence holds, and denote the collection of all such sample paths as ⌦ 0 . Next we show that {Z n ,Q n ,Ā n ,L n ,L n Q } is tight. SinceĀ n !Ā u.o.c. a.s. as n ! 1, we conclude thatĀ n is tight. Next, observe that for 0 < t 1 < t 2 , we can boundĀ n k bȳ
HenceĀ n is tight and there exists a subsequence along whichĀ n converges u.o.c. to some continuous functionĀ. By a similar argument we conclude that (D n ,L n ,L n Q ) is tight as well, hence (Z n ,Q n ) is tight.
We next show that every fluid limit satisfies (34)-(46). For the remainder of the proof we fix a sample path ! 2 ⌦ 0 , and we choose a subsequence, again denoted by {n}, such that
Also, by (16)Q 
For any ✏ > 0, T > 0, (because of the assumed convergence and by FSLLN) there exists n large such that
Next, we show that (Z,Q,Ā,L,L Q ) satisfies (36). Equations (34), (35), (37), and (38) follow by an identical argument and their proofs will be omitted. Define R to be the right side of (36). Then for T > 0 and for n large, by (3)
where the last inequality follows from (121) and (122). We next show that (Z,Q,Ā,L,L Q ) satisfies (40). Similarly (39) follows from (41) and (119). Fix k and j k + 1, and assume (121) holds. Then for some t > 0 ifZ k (t) > 0 thenZ k (s) > 0 for |s t| < and for some > 0, by continuity. Then by (121),Z n k (s) > 0 for |s t| < . By (120), A n j (t + ) Ā n j (t ) = 0, and therefore by (121) again,Ā j (t + ) Ā j (t ) < ✏ giving the desired result. (42) follows from (5) and (43)- (46) follow from the definition of the fluid scaling. Q.E.D.
B. Proof of Theorem 5
We use an approach similar to that in Lemma 9 in Dai et al. [7] . We begin by assuming that at least one solution (z, l) to (76)- (78) 
Applying the uniform norm to (124) and (125) yields
and for some finite c 2 0. Thus by Corollary 11.2 of Mandelbaum et al. [16] ,
Let ⇤ be the set of strictly increasing functions : R + ! R + with (0) = 0, lim t!1 (t) = 1, and
By Proposition 3.5.3 of Ethier and Kurtz [9] that there exists { n } ⇢ ⇤ such that
and for each T > 0
As in the proof of Lemma 8 in Dai et al. [7] , each n 2 ⇤ is Lipschitz in t, hence di↵erentiable a.e. Also, when n is di↵erentiable at time t, its derivative˙ n (t) satisfies
Note that by (133), (135), and the dominated convergence theorem we have that
It follows from this, (134), (137) and Corollary 11.2 in Mandelbaum et al. [16] that
, which proves continuity of in the J 1 topology. The continuity of then easily follows from (76) and (77). Q.E.D.
C. Priority-switching policy So far we have only considered the lightest-load-first policy. It was proved in Tezcan and Zhang [24] that this policy in general is not asymptotically optimal and priorities of levels may need to be switched to improve performance. Our goal in this section is to show that the general approach we used for the analysis of the lightest-load-first policy can be extended to such policies. First we assume that
for some j 2 {1, 2, . . . , K 2}, and for 0   1. We assume that the priorities of classes j and j + 1 are switched. That is, once there are no agents that are at level j 1 or below, incoming customers are sent to class j + 1 instead of j. Here, our goal is to establish the di↵usion limit (Ẑ,X) under this priority-switching policy. More details of this policy can be found in Tezcan and Zhang [24] . We establish the fluid limit as a first step in §C.1, and use the result to establish the di↵usion limit in §C.2. For simplicity we make the assumption that 1  j  K 3 in this section. We first define S 4 ⌘ {0, 1, . . . , K 1} \ {j, j + 1}, and S 0 4 ⌘ S 4 \ {j + 2}. Our queueing equations again follow (1)- (7). Our queueing equations must also satisfy Z n k (t)dA n m (t) = 0 for k 2 S 4 and for m 2 {k + 1, . . . , K},
Equations (139)-(141) represent our priority policy. By (139), if there are any agents available at level k 2 S 4 , then customers cannot be sent to any higher level. Similarly in (140), if any agents are available at level j, then by our priority policy, incoming customers cannot be sent to any class m, where m 2 {j + 2, . . . , K}. Finally, (141) can be interpreted in a similar fashion. For any k 2 {1, 2, . . . , K 1}, L n k (t) represents the number of customers that have been sent either to the queue or to any class with a lower priority than class k by time t in the nth system. To make the queueing equations more amenable to analysis, we use the fact that
Thus by applying (142)- (145) to (1)- (5), we have
where Z n K is defined by (6).
C.1. Fluid analysis
We first establish the convergence of the fluid scaled process. Under the fluid scaling, as defined in (19)- (27), we have the following result. 
In addition (Z,X,Ā,L,L Q ) is di↵erentiable almost everywhere. The proof is identical to the proof of Theorem 1. Next, we establish an invariant state of our fluid-scaled process (Z,X), under condition (138). 
andL k (t) = 0 for k 2 {j, . . . , K} for all t 0. Proof of Theorem 10: The proof is similar to that of Theorem 2. Assume that (138) holds. By Theorem 9, the process (Z,X) is a.e. di↵erentiable. For the remainder of the proof, we again only consider regular points of t where the derivative (Ż,Ẋ) exists. As in the proof of Theorem 2, we conclude thatZ k (1) = 0 for k 2 S 
It remains to show the invariant state of (Z j ,Z j+1 ,Z j+2 ). We first show that ifZ k (0) , then for all t > 0,Z j (t)
To prove this, we show that for any t > 0, ifZ j (t) < , thenŻ j (t) 0. We consider two cases: either (i)Z j+1 (t) = 0 or (ii)Z j+1 (t) > 0. IfZ j+1 (t) = 0, then from (45), (46), (148), (153), (154), and (157), we haveŻ
where the last inequality follows from our assumption thatZ j (t)  , the fact that d k is increasing in k, (45), and (138). In the other case ifZ j+1 (t) > 0, then from (45), (46), (149), (153), (154), and (157), we haveŻ j (t) = d j+1Zj+1 (t) > 0. This concludes the proof of (158). Next, we show the invariant state ofZ j+1 . IfZ j+1 (t) > 0 for some t > 0, then by (45), (46), (149), (154), (155), and (157),
where the last inequality follows from (158), (138), and the fact that d k is increasing in k. This proves thatZ j+1 (1) = 0. From (44), (45), (157), and (159), we haveZ j+2 (t) = 1 Z j (t). Thus it only remains to show the invariant state ofZ j . For some t > 0, ifZ j (t) > 0, then from (46), (148), (153), (154), (157), and (159), we haveŻ
By (160), for any t > 0, ifZ j (t) > ,Ż j (t) < 0 and ifZ j (t) < ,Ż j (t) > 0. This completes the proof for (Z(1),X(1). The expression forL can easily be verified by substituting the expression for (Z(1),X(1)) into (34)-(37), and by using (142)-(145). ⇤ C.2. Di↵usion analysis We now prove the convergence of the di↵usion-scaled process (Ẑ n ,X n ). In this section we also assume that (Q n (0),Ẑ n k (0) for k 2 S 0 4 ) ) 0, in R K 2 as n ! 1,
and that 0 < < 1 in (138). Then under di↵usion scaling as in (30)-(32), we have the following result.
Theorem 11. Assume that (29),(33),(138), (161) hold, and that 0 < < 1. Then (Ẑ n ,X n ) ) (Ẑ,X) in D K+1 as n ! 1, where (Ẑ,X) is the unique solution to the stochastic di↵erential equation
where B is a driftless Brownian motion with variance (1 + c 2 a ). Proof of Theorem 11: Assume that (29),(33),(138), and (161) hold. Based on Theorem 10, we defineL n k (t) = p n L n k (t) t , for k 2 { 1, 0, 1, . . . , j 2},
Next, in light of (65) and (178), it will su ce only to focus on the convergence of (Ẑ n j+1 ,Ẑ n j+2 ). By (168)-(175), (Ẑ n j+1 ,Ẑ n j+2 ) follow the equationŝ
(s)ds Â n (t) +Ŝ n j (t) Ŝ n j+1 (t) +Ŝ n j+2 (t) + 2L n j+1 (t) + ✏ n j+1 (t), Z n j+2 (t) =Ẑ n j+2 (0) + p nt
(s)ds +Â n (t) Ŝ n j (t) Ŝ n j+2 (t) L n j+1 (t) + ✏ n j+2 (t), for some process (✏ n j+1 , ✏ n j+2 ) ) 0 in D 2 as n ! 1. Define x n ⌘ (x n j+1 , x n j+2 ) by
x n j+1 (t) =Ẑ n j+1 (0) p nt ✓ n n ◆ Â n (t) +Ŝ n j (t) Ŝ n j+1 (t) +Ŝ n j+2 (t) + ✏ n j+1 (t), x n j+2 (t) =Ẑ n j+2 (0) + p nt ✓ n n ◆ +Â n (t) Ŝ n j (t) Ŝ n j+2 (t) + ✏ n j+2 (t).
Note that x n ) x in D 2 by Donsker's theorem, (138), (176), and (177), where
and B is a driftless Brownian motion with variance 2 . Observe that ((Ẑ n j+1 ,Ẑ n j+2 ),L n j+1 ) = ( , )(x n ) where ( , ) is the continuous mapping defined in Theorem 5. Since ( , ) is continuous, we apply the continuous mapping theorem to conclude that (Ẑ n j+1 ,Ẑ n j+2 ,L n j+1 ) converges weakly to (Ẑ j+1 ,Ẑ j+2 ,L j+1 ), which satisfies (165) and (166). ⇤
